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1 . , , $C^{\infty}$
. , ,
$C^{\infty}$ , $C^{\infty}$ . ,
. , “ (corner)”
, (smoothing) 1
. 2 $M_{1},$ $M_{2}$
, $M_{1}\cong M_{2}$, , ,] $M_{1}\approx M_{2}$ .
$D^{m}$ , $m$ .
, :
“ $\triangle^{3}$ 3 2 . ,
$\triangle^{3}\mathrm{x}D^{r}$ , D3+ ?
$r=0$ , 3 .
$r=1$ , (5 ) Sch\"oenffies
$r=0$ 3. $r\geq 3$ , Smale $h$
:
, $W^{n}:=\triangle^{3}\cross Dr(n=3+r)$ , $W^{n}$
,
$\partial W^{n}=\partial\Delta^{3}\cross D^{r_{\cup\triangle^{3}\cross}}\partial DrS^{2}=\cross D^{r}\cup\triangle^{3}\mathrm{X}S^{r}-1$
, $r\geq 3$ . , $(W^{n}, \partial W^{n})$
$h$ $W^{n}$ $D^{n}$









1122 2000 126-133 126
. “ $\Delta^{3}$ 3 .




$\partial(\triangle^{3}\cross D^{2})$ , $S^{4}$ ?”
, $\triangle^{3}\mathrm{x}D^{2}$ $D^{5}$ , $\partial(\Delta^{3}\cross D^{2})\cong S^{4}$
. , $\partial(\triangle^{3}\cross D^{2})\cong S^{4}$ , [1, 7.17] ,
$\triangle^{3}\cross D2\cong D^{5}$ . , , M. H.
Freedman 4 , $\partial(\Delta^{3}\mathrm{x}D^{2})$
, $S^{4}$ . , $\triangle^{3}\cross D^{2}\approx D5$ . ,
. , $\triangle^{3}\cross D^{2}$





$f$ : $Marrow \mathbb{R}$ ,
, $C^{\infty}$ $f$ : $Marrow \mathbb{R}^{p}(p<\dim M)$
$(\text{ ^{ } _{}-}\text{ })$ , ?
2. 4
$M^{4}$ 4 , 4
. $M^{4}$ , “ ”




” . , $M^{4}$
, $f$ (
, $f$ , ) .
, R. Thom Whit-
ney “ (stable maP)”
([5] )4 :
$C^{\infty}(M^{4}, \mathbb{R}^{3})$ Whitney . $f\in C^{\infty}(M^{4}, \mathbb{R}^{3})$
, $C^{\infty}(M^{4}, \mathbb{R}^{3})$ $f$ $W_{j}$
, $g\in W_{f}$ $f$ $C^{\infty}$ , $g$
$f$ $C^{\infty}$ , $H$ : $M^{4}arrow M^{4},$ $h$ : $\mathbb{R}^{3}arrow \mathbb{R}^{3}$








$S^{\infty}(M^{4}, \mathbb{R}^{3})$ . , $S^{\infty}(M^{4}, \mathbb{R}^{3})\subset$
$C^{\infty}(M^{4}, \mathbb{R}^{3})$ , (Whitney )
([5]). , $C^{\infty}$ $f\in C^{\infty}(M^{4}, \mathbb{R}^{3})$
$\tilde{f}\in S^{\infty}(M^{4}, \mathbb{R}^{3})$ . ,
.
, $f\in S^{\infty}(M^{4}, \mathbb{R}^{3})$ ,
$S(f)=$ { $x\in M^{4}$ ; rank$(df_{x})<3$ }
. $f$ , $x\in S(f)$
$(x_{1}, x_{2}, x_{3,4}x),$ $y=f(x)\in \mathbb{R}^{3}$
$(y_{1}, y_{2}, y3)$ ,
$y_{i}\mathrm{o}f=x_{i}(i=1,2)$ , $y_{3} \mathrm{o}f=x_{3}^{k+1}+\sum_{i=1}^{k1}x_{i}x^{k-}-3i\pm x_{4}^{2}$ (1.1)
5 ([5, Chapter
VII] ), $k=1,2,3$ . $k=1$ , (fold
singularity) \vee |( $A_{1}$ , $k=2$ , (cusp singular-
$\mathrm{i}\mathrm{t}\mathrm{y})$ $A_{2}$ , $k=3$ , (swallow-tail
singularity) $A_{3}$ . ,
$y_{i}\circ f=x_{i}(i=1,2)$ , $y_{3}of=x^{2}3^{+x_{4}^{2}}$
, (definite fold singularity) $A_{1}^{+}$
)
$y_{i}\mathrm{o}f=x_{i}(i=1,2)$ , $y_{3}\mathrm{o}f=x_{3^{-X_{4}^{2}}}^{2}$
, (indefinite fold singularity) $A_{1}^{-}$
.
3 , $\mathrm{A}\mathrm{a}$
. (1.1) 6, $S(f)$ $M^{4}$ 2
, 1 , .
$f$ $A_{k}$ $A_{k}(f)$ ,
$S(f)=\overline{A1(f)}=A_{1}^{+}(f)\cup A_{1}^{-}(f)\cup A_{2}(f)\cup A_{3}(f)$ ,
$\overline{A_{2}(f)}=A_{2}(f)\cup A_{3}(f)$
,
$A_{1}^{+}(f)\cup A_{1}^{-}(f)=A_{1}(f)$ , $\overline{A_{k}(f)}$ $A_{k}(f)$
5 $f$ generic map .
6 .
128
(closure) . , $M^{4}$ (strati-
fication) : .
$M^{4}=R(f)\cup A_{1}^{+}(f)\cup A_{1}^{-}(f)\cup A_{2}(f)\cup A_{3}(f)$ (1.2)
, $R(f)$ $f$ (regular point) .
$M^{4}$ [8]




, (strata) ( )
. , (1.2) ,
.
, Singularitists7
. . , (1.2)
$M^{4}$ , $A_{3}(f)=\emptyset$ ([2])






$M^{4}$ 4 , $f$ : $M^{4}arrow \mathbb{R}^{3}$ . $f$
$S(f)=A_{1}^{+}(f)$ ,




, Burlet-de Rham ([3]) , spe-
cial generic map (applications g\’en\’erique speciale) .
Burlet-de Rham




generic map . ,
“ ” – .
129
3.1. $f$ : $M^{4}arrow \mathbb{R}^{3}$ . $x,$ $x’\in M^{4}$ ,
2 : $x\sim x’$
(i) $f(x)=f(X’)=y$
(ii) $x$ $x’$ $f^{-1}(y)$ .
, $M/\sim$ $W_{j}$ , $f$ : $M^{4}arrow \mathbb{R}^{3}$
. , $q_{f}$ : $M^{4}arrow W_{f}$ .
$f$ : $M^{4}arrow \mathbb{R}^{3}$ $W_{f}$ ,
$M^{4}$ . ,
.
32. ([9], [11]) $f$ : $M^{4}arrow \mathbb{R}^{3}$ ,
$W_{f}$ ,
(1) $W_{f}$ 3 .
(2) $\partial W_{f}$ , $S(f)=A_{1}^{+}(f)$ .
(3) $(q_{f})_{*}$ : $\pi_{1}(M^{4})arrow\pi_{1}(W_{f})$ .
(4) $M^{4}$ $S(f)$ 2 .
, $S(f)$ $\# S(f)$ ,
$\# S(f)=\frac{1}{2}b_{2}(M^{4})+1$
.
, (1), (2) . (3) ,
(1),(2) , $M^{4}$ 2
. (4) , (1), (2), (3)
$(W_{f}, \partial W_{f})$ . $M^{4}$
,
.
33. ([9]) $f$ : $M^{4}arrow \mathbb{R}^{3}$
(i), (ii) .
(i) 3 $W$ $W$
$S^{1}$ $E_{1},$ $\partial W$ $D^{2}$ $E_{2}$ ,
(ii) $M^{4}$ $E_{1}^{\mathrm{I}}$ $E_{2}$ $\varphi$ : $\partial E_{1}arrow\partial E_{2}$
$\partial W$ –
: $M^{4} \cong E_{1}\bigcup_{\varphi}E_{2}$ .
, $M^{4}$ ,
$f$ : $M^{4}arrow \mathbb{R}^{3}$
, $W_{j}$ 3 $\Delta^{3}$ , $M^{4}$
$M^{4}=W_{f}\cross S^{1}\cup\partial W_{f}\mathrm{x}D^{2}\cong\triangle^{3}\cross S^{1}\cup S^{2}\cross D^{2}$








$3.4.([7])$ $M^{4}$ 4 .
, $M^{4}$ $f$ : $M^{4}arrow \mathbb{R}^{3}$
, $M^{4}$ :
$\#^{r-k}s^{1}\cross S^{3}\#^{k}S^{1}\cross S^{3}\#^{\iota_{S^{2}}}\sim\cross s^{2}\#^{S}S^{2}\cross S^{2}\#\Sigma^{4}\sim$
, $k,$ $s\in\{0,1\},$ $l\geq 0$ , $r=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $\pi_{1}(M^{4}),$ $S^{1}\tilde{\mathrm{X}}s^{3}$ $S^{1}$
$S^{3}$ , $S^{2}\cross S^{2}\sim$ $S^{2}$ $S^{2}$ , $\Sigma^{4}=\partial(\Delta^{3}\mathrm{X}D^{2})$ .
, $M^{4}$ , $r=k=0$ .
Scharlemann
‘. 32 2
120 2 12 .
2 $\mathbb{Z}_{2}$ . , $\alpha\in\pi_{1}(\Sigma_{\mathrm{X}s^{1}}$ ,
$\alpha\in\pi_{1}(\Sigma)$ , $\alpha\not\in Z(\pi_{1}(\Sigma))=\mathbb{Z}_{2}$ – $\circ$ ,
$S^{1}\mathrm{x}D^{3}$ , $S^{2}\mathrm{x}D^{2}$ trivial framing
( , ). Scarlemann 9.
4 $X^{4}$ , $\pi_{1}(\Sigma)$ ( )
, , $S^{1}$ ,
$\pi_{1}(x^{4})\cong \mathbb{Z}$ . , Scharlemann $X^{4}$ $S^{1}\cross s^{3}\# s2\mathrm{x}s^{2}$
$s$ ([12]). , Freedman
$s$ $S^{1}\mathrm{x}S^{3}\# S2\cross S^{2}$ . 34
$S^{1}\cross S^{3}\# S^{2}\cross s^{2}\Sigma^{4}$ , . , $X^{4}$
( $S^{1}\mathrm{x}S^{3}\# S2\cross S^{2}\Sigma^{4}$ )
. – , $X^{4}$
$g:X^{4}arrow \mathbb{R}^{3},$ $\mathrm{s}.\mathrm{t}$ . $S(f)=A_{1}(f)$ . ,
$S^{1}\cross S^{3}\# s^{2}\cross S2$ , $g$ $A_{1}^{-}$
. ,
, $S^{1}\cross S^{3}\# S2\cross S^{2}$
. , $X^{4}\# S^{2}\cross S^{2}$ ( $S^{1}\cross S^{3}\#^{2}S2\cross S^{2}$
, 34 $X^{4}\# S^{2}\cross S^{2}$
. , Akbulut
Scharlemann $S^{1}\cross S^{3}\# s^{2}\cross S^{2}$
.




$f$ : $M^{4}arrow \mathbb{R}^{3}$ , $S(f)=A_{1}(f)=A_{1}^{+}(f)\cup A_{1}^{-}(f)$
, , $f$ ( $A_{1}$ ) , $f$
. ,
. – . , $\mathbb{R}P^{2}$ $\mathbb{R}P^{2}$
( ) 4 $N^{4}$
([10] ) , 33 , $f$ : $M^{4}arrow \mathbb{R}^{3}$
, $\chi(M^{4})$




$4.1.([4])$ $M^{4}$ , $f$ : $M^{4}arrow$
$\mathbb{R}^{3}$ .
, $f$ : $M^{4}arrow \mathbb{R}^{3}$ , $J_{f}(x)(x\in$
$S(f))$ , $f|S(f)$ : $S(f)arrow \mathbb{R}^{3}$
([5, Theorem 44, $\mathrm{P}\cdot 87]$ ). $S(f)$
, $f|S(f)$ 2 3
. , $f|S(f)$ : $S(f)arrow \mathbb{R}^{3}$
, $M^{4}$ . ,
$M^{4}\cong\partial(\triangle^{3}\mathrm{X}D^{2})$ , $S(f)$ 2 .
, Scho\"enffies , $S(f)$ $\mathbb{R}^{3}$ $D^{3}$
. $D^{3}$ $W_{f}$ , $M^{4}$
4 . , $M^{4}$
. ,
$\triangle^{3}$ 2 3
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